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Vwudwhjlf Xvh ri Dydlodeoh Fdsdflw|
lq wkh Hohfwulflw| Vsrw Pdunhw
Fkorì Oh Frt￿
VVH2HIL Zrunlqj Sdshu
Vhulhv lq Hfrqrplfv dqg Ilqdqfh Qr 7<9
Dsulo 57/ 5335
Devwudfw
Wkh olwhudwxuh rq ghuhjxodwhg hohfwulflw| pdunhwv jhqhudoo| dvvxphv
dydlodeoh fdsdflwlhv wr eh jlyhq1 Lq frqwudvw/ wklv sdshu vwxglhv d
prgho zkhuh ￿upv suhfrpplw wr fdsdflw| ohyhov ehiruh frpshwlqj lq
d xqlirup sulfh dxfwlrq1 Wkh dqdo|vlv vkhgv oljkw rq uhfhqw hpslulfdo
￿qglqjv wkdw ￿upv xvh wkhlu dydlodeoh fdsdflw| wr rewdlq kljk pdunhw
sulfhv1 Wkhuh h{lvw wzr htxloleuld zkhuh dw ohdvw rqh ￿up zlwkkrogv
lwv dydlodeoh fdsdflw| wr lqgxfh wkh pd{lpxp sulfh1 Pruhryhu/ lq rqh
htxloleulxp/ wkh lqh!flhqw ￿up rewdlqv d uhodwlyho| odujh pdunhw vkduh1
Nh| Zrugv= vsrw pdunhw/ fdsdflw| jdph/ dxfwlrq phfkdqlvp/
hohfwulflw|1
MHO fodvvl￿fdwlrq= F:5> G76> G77> O46> O<71
￿L zrxog olnh wr wkdqn Oduv Ehujpdq/ Wruh Hoolqjvhq/ Jxlgr Iulheho/ Shu0Rory Mr0
kdqvvrq/ Pduld Vdh}0Pduwl/ dqg Oduv Vßujdug iru khosixo frpphqwv1 Ilqdqfldo vxssruw
iurp Qdwlrqdo Vzhglvk Hqhuj| Dgplqlvwudwlrq lv judwhixoo| dfnqrzohgjhg1 Ghsduwphqw ri
Hfrqrplfv/ Vwrfnkrop Vfkrro ri Hfrqrplfv/ Fkorh1OhfrtCkkv1vh
44 Lqwurgxfwlrq
Pdq| frxqwulhv kdyh fuhdwhg dq hohfwulflw| vsrw pdunhw lq rughu wr ghuhj0
xodwh wkhlu hohfwulflw| vhfwru1 Vsrw pdunhwv duh vxssrvhg wr surylgh vwurqj
lqfhqwlyhv iru h!flhqw dqg ohdvw0frvw surgxfwlrq1 Krzhyhu/ hpslulfdo vwxglhv
lqglfdwh odujh pdunxsv gxulqj shulrgv ri kljk ghpdqg +h1j1 yrq ghu Ihku dqg
Kduerug +4<<6,/ Zroiudp +4<<;/ 4<<<,/ ru Eruhqvwhlq dqg Exvkqhoo +4<<<,,1
Pruhryhu/ wkhuh lv hylghqfh wkdw pdmru jhqhudwruv xvh wkhlu dydlodeoh fdsdf0
lw| vwudwhjlfdoo| lq rughu wr hqkdqfh wkhlu pdunhw srzhu1 Iru wkh shulrg 4<<4
wr 4<<8/ Sdwulfn dqg Zrodn +5334, qg hpslulfdo hylghqfh ri vxfk vwudwhjlf
ehkdylru lq wkh Eulwlvk pdunhw1 Gxulqj wkh uvw txduwhu ri 4<<</ wkh Vsdqlvk
frpshwlwlrq dxwkrulw| dffxvhg wkh wzr pdmru upv rq wkh qdwlrqdo pdunhw
ri uhgxflqj wkhlu dydlodeoh fdsdflw| lq duhdv zlwk kljk ghpdqg1 Lq Mdqx0
du| 5333/ wkh Qruglf hohfwulflw| vsrw pdunhw h{shulhqfhg xqh{shfwhgo| kljk
sulfhv/ gxh wr d uhgxfwlrq lq dydlodeoh qxfohdu surgxfwlrq +Qrug Srro/ 5333,1
Gxulqj wkh vxpphu ri 5333 lq Fdoliruqld/ wkh prqwko| hohfwulflw| eloov zhuh
wkuhh wlphv kljkhu wkdq xvxdo/ zkloh vhyhudo xqlwv zhuh ghfoduhg xqdydlodeoh
dqg vlpxowdqhrxvo| wdnhq rxw ri vhuylfh +Vlrvkdqvl/ 5333,1
Wklv sdshu lv prwlydwhg e| wkh deryh hpslulfdo revhuydwlrqv1 Dydlodeoh
fdsdflwlhv +xqolnh lqvwdoohg fdsdflw|, duh fkrlfh yduldeohv lq wkh vkruw uxq/
vlqfh sodqwv fdq eh uhqghuhg xqdydlodeoh iru pdlqwhqdqfh dqg rwkhu uhold0
elolw| frqvlghudwlrqv14 Lq dq hohfwulflw| vsrw pdunhw/ surgxfhuv pdnh d sulfh
elg wr vxsso| d jlyhq dprxqw ri hohfwulflw| +wkhlu dydlodeoh fdsdflw|, dqg wkh
pdunhw fohdulqj sulfh lv ghwhuplqhg e| d xqlirup sulfh dxfwlrq1 Khqfh/ wkh
srwhqwldo iru pdunhw srzhu ghshqgv khdylo| rq wklv dydlodeoh fdsdflw|1
Wklv sdshu sursrvhv d wzr0vwdjh prgho zlwk dv|pphwulf frvw upv/ dq
4Lqvwdoohg fdsdflw| ghwhuplqhv wkh ￿upv* ryhudoo surgxfwlrq fdsdflw|1 Lq frqwudvw/ dydlo0
deoh fdsdflw| lv wkh fdsdflw| xvhg dw vkruw qrwlfh/ zklfk wdnhv lqwr dffrxqw euhdngrzqv ru
rwkhu xqiruvhhdeoh hyhqwv1
5h!flhqw dqg dq lqh!flhqw up/ uhvshfwlyho|1 Lq wkh uvw shulrg/ upv vl0
pxowdqhrxvo| fkrrvh wkhlu dydlodeoh fdsdflw|1 Diwhu revhuylqj wkh fdsdflw|
ohyhov/ wkh upv vhw wkh plqlpxp sulfh iru wklv dydlodeoh fdsdflw|1 Wkh dqdo|0
vlv vkrzv wkdw wzr vxejdph shuihfw htxloleuld h{lvw zkhuh dw ohdvw rqh up
zlwkkrogv lwv dydlodeoh fdsdflw| wr lqgxfh wkh pd{lpxp sulfh1
Gxh wr wkh xqlirup sulfh dxfwlrq lq wkh sulfh vxejdph/ wkh pdunhw sulfh
htxdov wkh kljkhvw sulfh elg/ li ghpdqg lv kljkhu wkdq wkh wkh dydlodeoh fd0
sdflw| ri wkh orzhvw sulfh elgghu1 Rwkhuzlvh/ wkh pdunhw sulfh htxdov wkh
orzhvw sulfh elg1 Wkh orzhvw sulfh elgghu wkhq kdv dq lqfhqwlyh wr zlwkkrog
lwv fdsdflw|/ wkdw lv/ rhu dq dydlodeoh fdsdflw| ehorz ghpdqg1 Lq wklv fdvh/
wkh pdunhw sulfh htxdov wkh kljkhvw elg/ wkh orzhvw sulfh elgghu vhoov lwv hqwluh
fdsdflw| dqg wkh rwkhu vhoov wkh uhvlgxdo ghpdqg1 Lqwhuhvwlqjo|/ wkh lqh!flhqw
up lv wkh orzhvw sulfh elgghu dqg rewdlqv d uhodwlyho| odujh pdunhw vkduh lq
rqh ri wkh wzr htxloleuld1
Zlwkkroglqj fdsdflw| kdv wzr qhjdwlyh zhoiduh lpsolfdwlrqv1 Iluvw/ zkhq
upv duh iuhh wr fkrrvh wkhlu fdsdflwlhv/ wkh| rewdlq d pdunhw sulfh deryh wkh
frpshwlwlyh rxwfrph1 Wklv lv frvwo| iru frqvxphuv1 Vhfrqg/ wkh h!flhqw up
grhv qrw vxsso| wkh hqwluh ghpdqg/ vlqfh wkh lqh!flhqw up kdv d srvlwlyh
pdunhw vkduh1 Wklv lpsolhv wkdw surgxfwlrq frvwv duh qrw plqlpl}hg1
Wkh olwhudwxuh rq wkh uhvwuxfwxuhg hohfwulflw| pdunhw pdlqo| irfxvhv rq
wkh surgxfhuv* sulflqj ghflvlrq15 Yrq ghu Ihku dqg Kduerug +4<<6, frqvwuxfw
d zhoo0nqrzq prgho zkhuh jhqhudwruv frpshwh e| vxeplwwlqj elgv vshfli|lqj
wkh sulfhv dw zklfk wkh| duh zloolqj wr pdnh wkhlu surgxfwlrq dydlodeoh1 Wklv
vhwxs doorzv wkhp wr lghqwli| wkh sulfh elgglqj vwudwhjlhv16 Lq sduwlfxodu/
5Iru d uhfhqw vxuyh| ri wkh wkhruhwlfdo dqg hpslulfdo olwhudwxuh/ vhh yrq ghu Ihku dqg
Kduerug +4<<;,1
6Dq dowhuqdwlyh zd| ri prghoolqj sulfh frpshwlwlrq lq wkh hohfwulflw| vsrw pdunhw kdv
ehhq sursrvhg e| Juhhq dqg Qhzehu| +4<<5,1 Wkh| dvvxph wkdw ￿upv frpshwh e| vxe0
plwwlqj frqwlqxrxv vxsso| ixqfwlrqv/ udwkhu wkdq glvfuhwh vwhs ixqfwlrqv1 Lq wkh hohfwulflw|
6wkh| vkrz wkdw wkh ohyho ri ghpdqg +uhodwlyh wr jlyhq dydlodeoh fdsdflwlhv,
lv lpsruwdqw iru h{sodlqlqj kljk pdunhw sulfhv rq wkh hohfwulflw| vsrw pdu0
n h w 1 W k l vs d s h uh { w h q g vw k hy r qg h uI h k ud q gK d u e r u g+ 4 < < 6 ,p r g h oe |
hqgrjhql}lqj wkh upv* fdsdflw| fkrlfhv1 Lw frpsohphqwv wkhlu dqdo|vlv e|
vkrzlqj pruh suhflvho| krz/ lq olqh zlwk wkh hpslulfdo hylghqfh/ upv pd|
pdqlsxodwh wkhlu dydlodeoh fdsdflwlhv lq rughu wr rewdlq vxevwdqwldo pdunxsv1
Olnh Nuhsv dqg Vfkhlqnpdq +4<;6,/ L frqvlghu d wzr0vwdjh jdph zkhuh
upv fkrrvh fdsdflwlhv dqg wkhq frpshwh wkurxjk sulfhv1 Krzhyhu/ L rewdlq
glhuhqw uhvxowv ghvslwh wkh vlplodulw| lq wkh wlplqj ri wkh jdph1 Lq sduwlfx0
odu/ wkh uhgxfhg0irup surw ixqfwlrq kdv wkh Prqrsro| irup +lqvwhdg ri wkh
Frxuqrw irup lq wkh Nuhsv dqg Vfkhlqnpdq prgho,1 Wkh prvw lpsruwdqw
uhdvrq lv wkdw wkh vhfrqg vwdjh lv prghohg dv d xqlirup0sulfh dxfwlrq +lqvwhdg
ri Ehuwudqg frpshwlwlrq,/ wr iroorz wkh dfwxdo ghvljq ri pdq| hohfwulflw| vsrw
pdunhwv +vhh vhfwlrq 5 iru ghwdlov,1
Vhfwlrq 5 lqwurgxfhv wkh prgho1 Wkhq/ wkh sxuh vwudwhj| Qdvk htxloleuld
lq sulfh elgv iru jlyhq fdsdflw| frpelqdwlrqv duh jlyhq lq vhfwlrq 61 Wklv
|lhogv uhdfwlrq ixqfwlrqv lq wkh fdsdflw| vsdfh +vhfwlrq 7,/ zklfk L xvh wr
qg vxejdph shuihfw htxloleuld iru wkh wzr0vwdjh jdph +vhfwlrq 8,1 Wkh qdo
uhpdunv duh jlyhq lq vhfwlrq 91
vhfwru/ rqh xqlw ri fdsdflw| lv d srzhu sodqw1 Wkhuhiruh L frqvlghu fdsdflw| dv d glvfuhwh
yduldeoh dqg L dgrsw wkh yrq ghu Ihku dqg Kduerug*v vhwxs1
75W k h P r g h o
Ilyh ihdwxuhv duh lpsruwdqw iru fdswxulqj wkh vwudwhjlf ehkdylru ri surgxfhuv
rq dq hohfwulflw| vsrw pdunhw1 Iluvw/ d gd| lv glylghg lqwr shulrgv7 dqg/ iru
hdfk shulrg/ d xqlirup0sulfh dxfwlrq wdnhv sodfh wr ghwhuplqh wkh hohfwulflw|
vsrw sulfh1 Vhfrqg/ wkh uhvsrqvleoh iru wkh pdunhw +qdpho| wkh glvsdwfkhu,
iruhfdvwv d {hg ohyho ri ghpdqg iru hdfk shulrg1 Wklug/ surgxfhuv duh uhvsrq0
vleoh iru wkh vxsso| e| ghfodulqj krz pxfk wkh| fdq surgxfh +dydlodeoh fd0
sdflw|, dqg dw zkdw sulfh +sulfh elg,1 Vlqfh wkh surgxfwlrq ri hohfwulflw| pxvw
eh sodqqhg/ wkh dydlodeoh fdsdflw| lv ghwhuplqhg wkh gd| ehiruh wkh wudqvdf0
wlrq dqg glhuv iurp wkh lqvwdoohg fdsdflw|1 Li d sodqw lv ghfoduhg xqdydlodeoh/
lw lv xvxdoo| dqqrxqfhg dqg sxeolvkhg rq wkh krph sdjh ri wkh glvsdwfkhu1
Zkhq surgxfhuv vhw wkhlu sulfhv/ wkh| wkxv sod| d fdsdflw|0frqvwudlqhg jdph1
Irxuwk/ wkh hohfwulflw| pdunhw kdv dq roljrsrolvwlf vwuxfwxuh/ xvxdoo| zlwk wzr
grplqdqw dfwruv18 Iliwk/ glhuhqw surgxfwlrq whfkqrorjlhv fkdudfwhul}hg e|
glhuhqw frvwv duh xvhg19 Doo wkhvh yh ihdwxuhv duh wdnhq lqwr dffrxqw lq wkh
irupdol}dwlrq ehorz1
Frqvlghu d pdunhw iru d krprjhqhrxv jrrg vxssolhg e| wzr upv1 Wkh
ghpdqg iru wklv jrrg lv {hg dqg jlyhq e| _1 Ilupv lqwhudfw lq wzr shulrgv1
Lq wkh uvw shulrg/ upv  dqg 2 vlpxowdqhrxvo| dqg lqghshqghqwo| fkrrvh
wkhlu dydlodeoh fdsdflwlhv ghqrwhg &￿ dqg &2/ uhvshfwlyho|/ zkhuh fdsdflw|
&￿ phdqv wkdw up  vxevhtxhqwo| surgxfhv xs wr &￿ xqlwv ri hohfwulflw| dw
d vshflf pdujlqdo frvw1: Dw wkh hqg ri wkh uvw shulrg/ hdfk up ohduqv
7Rq wkh hohfwulflw| vsrw pdunhw/ wkh shulrg lv xvxdoo| rqh krxu ru kdoi dq krxu dqg lw
lv fdoohg wkh ordg1
8Wklv lv wkh fdvh zlwk kljk ghpdqg ohyhov zkhuh pdq| surgxfhuv uhdfk wkhlu ixoo rxwsxw
fdsdflwlhv dqg wkhuhiruh kdyh qr lpsdfw rq pdunhw rxwfrph1
9Prvw hohfwulflw| lv jhqhudwhg e| exuqlqj irvvlo ixho +frdo/ rlo/ ru qdwxudo jdv, ru e|
qxfohdu ixho/ ru e| zdwhu srzhu +k|gurhohfwulflw|,1 Fohduo|/ wkh frvwv dvvrfldwhg zlwk wkhvh
surgxfwlrq whfkqrorjlhv gl￿hu1
:Qrwh wkdw hdfk ￿up kdv dq lqvwdoohg fdsdflw| h{fhhglqj wkh ohyho ri ghpdqg1 Krzhyhu/
8derxw wkh fdsdflw| ri lwv rssrqhqw/ dqg lq wkh vhfrqg shulrg/ upv  dqg
2 vlpxowdqhrxvo| dqg lqghshqghqwo| qdph sulfh elgv R￿ dqg R2/ uhvshfwlyho|1
Hdfk up kdv lwv rzq pdujlqdo frvw/ qdpho| S￿ dqg S2/z l w kS￿ 	S 21; Ilup
 lv wkh h!flhqw up dqg up 2 lv wkh lqh!flhqw up1
Ohw r 'E r￿cr 2 eh wkh elgv vxeplwwhg e| upv  dqg 2/z k h u hr￿ 'E R￿c& ￿
E 5i c2j dqg ohw Er dqg %￿Er iru  ' ic2j ghqrwh wkh pdunhw sulfh dqg
wkh upv* surgxfwlrq vrog zkhq elgv duh r1
Zlwkrxw orvv ri jhqhudolw|/ L dvvxph wkdw S￿ 'f / S2  R￿ iru E 5i c2j
dqg h!flhqw udwlrqlqj lv dssolhg zkhq R￿ ' R2 +wkh glvsdwfkhu ex|v uvw
iurp wkh orzhvw sulfh up,1 Ixuwkhupruh/ ohw R6 ghqrwh wkh pd{lpxp sulfh
vr wkdw R￿  R6 iru E 5i c2j1<
Lq d xqlirup0sulfh dxfwlrq/ upv vhoo wkhlu surgxfwlrq dw wkh vdph pdunhw
sulfh/ zklfk htxdov wkh orzhvw sulfh elg rqo| li wkh orzhvw sulfh elgghu fdq






R￿ '4  ? iR￿cR 2j li &￿  _>
4@ iR￿cR 2j rwkhuzlvh1
+4,
Qrwh wkdw wkh h!flhqw up +up 4, vxssolhv 4?i&￿c_j/ zkhqhyhu R￿  R2/






4?i&￿c_j li R￿  R2>
4@ ifc_ &2j li R￿ :R 2
+5,
Ilup 5 +zlwk wkh kljkhvw frvw, vhoov wkh uhvlgxdo ghpdqg 4@ ifc_ &￿j/
zkhqhyhu R￿  R2c dqg 4?i&2c_j/ zkhqhyhu lw vxeplwv d vwulfwo| orzhu sulfh
wkhlu dydlodeoh fdsdflw| pljkw eh orzhu wkdq wkh ghpdqg ohyho1
;Lw lv frpprqo| dvvxphg wkdw wkhuh duh qr vwduw0xs frvwv dqg frqvwdqw pdujlqdo frvwv
iru dydlodeoh fdsdflw| +dv rssrvhg wr lqvwdoohg fdsdflw|,1
<Qrwh wkdw zlwkrxw d pd{lpxp sulfh/ sur￿wv fdq eh lq￿qlwh/ vlqfh ghpdqg lv shuihfwo|
lqhodvwlf1 Wkh pd{lpxp sulfh fdq eh lqwhusuhwhg dv d sulfh fds fruuhvsrqglqj wr wkh






4?i&2c_j li R2 	R ￿(
4?i&2/4@ ifc_ &￿jj li R￿  R21
 +6,
Qrwh wkdw lq d xqlirup sulfh dxfwlrq/ wkh orzhvw sulfh elgghu fdq vhoo lwv hqwluh
fdsdflw| dw wkh kljkhvw sulfh elg1 Wklv lv wkh fdvh zkhq wklv up fdqqrw phhw
wkh hqwluh ghpdqg1 Ilup l*v surw/ dv d ixqfwlrq ri wkh elgv vxeplwwhg e|
upv  dqg /l vj l y h qe |
Z￿ Er￿cr ￿'d  Er  S￿o%￿ Ercs J oEc 5i c2j dqg  9'  +7,
Hdfk up vhhnv wr pd{lpl}h lwv surwv/ dqg wkh deryh vwuxfwxuh lv frpprq
nqrzohgjh ehwzhhq upv1
Qrz/ L ghulyh wkh vxejdph0shuihfw htxloleuld ri wkh wzr0vwdjh jdph e|
edfnzdug lqgxfwlrq1
6 Wkh fdsdflw|0frqvwudlqhg vxejdph
Ds d l u+ RW
￿cR W


















￿c& ￿cER2c& 2o  S2%2 dER
W
￿c& ￿cER2c& 2o
zkhuh ixqfwlrqv  dqg %￿ duh ghqhg lq htxdwlrqv +4,0+6, uhvshfwlyho|1
:Sursrvlwlrq 4 +Uhihu wr Iljxuh 4, Lq whupv ri wkh vxejdph htxloleuld/ lw lv
frqyhqlhqw wr sduwlwlrq wkh frqjxudwlrqv ri fdsdflwlhv lqwr wkh irxu fdwhjrulhv
ri vxsso|1
41+Vwurqj vxsso|,1 Li 4?i&￿c& 2j_/ wkhq
R
W
￿ E&￿c& 2'S2c iru  5i c2j




6/ iru  5i c2j1















R6 li &￿ 	_ &2(
S2 rwkhuzlvh1









iES2cR 6j li &2 :_ ES2*R6&￿(
iES2cR 6cER6cS 2j rwkhuzlvh1
S u r r i ==V h hD s s h q g l {D 1
Wkh vxejdph sulfh htxloleuld irxqg lq Sursrvlwlrq 4 duh jlyhq e| wkh
yhfwruv lq eudfnhwv lq Iljxuh 41 Qrwh wkdw wkh htxloleuld duh xqltxh h{fhsw
iru lqwhuphgldwh vxsso| zkhq &2  _ES2*R6&￿1 Lq wklv odwhu fdvh/ ohw U7u
ghqrwh wkh htxloleulxp zkhuh up 4 vxeplwv wkh orzhvw sulfh elg S2 +lq zklfk
fdvh/ up 5 vxeplwv R6,1 Vlploduo|/ ohw U7M ghqrwh wkh htxloleulxp zkhuh
up 4 vxeplwv wkh kljkhvw sulfh elg R6 +lq zklfk fdvh/ up 5 vxeplwv S2,1
Yrq ghu Ihku dqg Kduerug qg prvw ri wkh uhvxowv ri Sursrvlwlrq 4/ hyhq
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Iljxuh 4= Sxuh Vwudwhj| Qdvk htxloleuld lq sulfh elgv/ ERW
￿cR W
2
htxloleuld/ exw iru doo srvvleoh fdsdflw| frqjxudwlrqv143 Ehorz/ L suhvhqw dq
lqwxlwlyh vxppdu| ri wkhvh uhvxowv1
Olnh lq rwkhu pdunhwv/ wkh sulfh elg vwudwhj| +dqg wkhuhiruh wkh pdunhw
fohdulqj sulfh, ghshqgv rq wkh qxpehu ri upv ehlqj deoh wr vxsso| wkh
hqwluh ghpdqg rq wkhlu rzq dqg wkh frvw glhuhqfh ehwzhhq upv1 Gxh
wr wkh xqlirup0sulfh dxfwlrq/ upv vhoo wkhlu surgxfwlrq dw wkh kljkhvw elg
sulfh/ li wkh up elgglqj wkh orzhvw sulfh fdqqrw vxsso| wkh zkroh pdunhw1
Khqfh/ wkh pdunhw sulfh lv kljk li erwk upv* fdsdflwlhv duh qhhghg wr phhw
wkh hqwluh ghpdqg1 Iljxuh 5 glvsod|v wkh htxloleulxp pdunhw sulfh iru hdfk
frqjxudwlrq ri fdsdflw| +qrwh wkdw wkh pdunhw sulfh htxdov R6 l qw k hf d v hr i
lqwhuphgldwh vxsso|/ luuhvshfwlyh ri zkhwkhu wkh upv sod| htxloleulxp U7u
43Yrq ghu Ihku dqg Kduerug vkrz wkdw sxuh0vwudwhj| htxloleuld gr qrw h{lvw li wkh
xqfhuwdlqw| ri ghpdqg lv odujh1 Krzhyhu/ lq pdq| fdvhv/ wkh xqfhuwdlqw| derxw wkh ohyho ri
ghpdqg lv vpdoo vlqfh surgxfhuv elg wkh gd| ehiruh wkh wudqvdfwlrq wdnhv sodfh1 Pruhryhu/



























Iljxuh 5= Htxloleulxp pdunhw sulfh
ru htxloleulxp U7M,1
Krzhyhu/ wklv uvw uhvxow krogv li wkh up zklfk fdq vxsso| wkh zkroh
pdunhw/ elgv wkh kljkhvw sulfh1 Wklv uhpdun lpsolhv wkdw wkh h!flhqw up
pd| vxeplw wkh kljkhvw sulfh elg/ hyhq wkrxjk lw fdq vdwlvi| wkh hqwluh gh0
pdqg1 Zroiudp +4<<;, dqg Jdufld0Gld} dqg Pdulq +5333, qg hylghqfh iru
wklv ehkdylru/ qdpho| wkdw wkh odujhvw sduwlflsdqwv lq wkh hohfwulflw| pdu0
nhw lq Hqjodqg dqg Vsdlq uhvshfwlyho| elg pruh iru xqlwv wkdq wkhlu vpdoohu
frpshwlwruv1
Dvvxph qrz wkdw upv vlpxowdqhrxvo| fkrrvh wkhlu dydlodeoh fdsdflw|/
zklfk wdnhv sodfh sulru wr wkh sulfh jdph1
437 Fdsdflw| ehvw uhvsrqvh ixqfwlrqv
Vr idu/ dydlodeoh fdsdflw| kdv ehhq ghvfulehg dv d frqwlqxrxv yduldeoh1 Lq
uhdolw|/ wkh wrwdo dydlodeoh fdsdflw| iru vxsso|lqj hohfwulflw| lv wkh vxp ri
wkh fdsdflw| ohyhov ri jhqhudwlqj xqlwv144 Khqfh/ dydlodeoh fdsdflw| vkrxog eh
frqvlghuhg dv d glvfuhwh udwkhu wkdq d frqwlqxrxv yduldeoh1 Wr wklv hqg/ ohw
wkh vl}h ri rqh jhqhudwlqj xqlw eh ghqrwhg V  _*?/z k h u h?  2 lv d qdwxudo
qxpehu145
Dvvxpswlrq 4 Ilup *v wrwdo dydlodeoh fdsdflw| &￿/  5i c2j/l vdg l v f u h w h
yduldeoh vxfk wkdw &￿ 5i Vc2VcVcj1
Wr fdofxodwh wkh ehvw uhso| fruuhvsrqghqfh/ pdnlqj wkh iroorzlqj dvvxps0
wlrq wxuqv rxw wr eh frqyhqlhqw=
Dvvxpswlrq 5 &￿ 5 dfc_ Vo ^ d_cn4 dqg &2 5 dfcn41
Iru doo E&￿c& 2c vxfk wkdw wkhuh duh pxowlsoh htxloleuld lq sulfh elgv zkhq
vxsso| lv lqwhuphgldwh/ ohw vxshuvfulswv O dqg K lqglfdwh wkdw wkh upv vhohfw
wkh htxloleulxp U7u dqg U7M/ uhvshfwlyho|146 Qhlwkhu ri wkh htxloleuld Sduhwr0
grplqdwhv wkh rwkhu/ up 4 lv ehwwhu r lq U7u dqg up 5 lq U7M1 Wkhuhiruh/
lw lv lqwhuhvwlqj wr dqdo|}h erwk htxloleuld1 Iru  5i ucMj/o h w u p4 * vd q g
44D vlqjoh jhqhudwru dqg lwv gluhfwo| dvvrfldwhg htxlsphqw duh whuphg dv d jhqhudwlqj
xqlw1 Dowkrxjk lqglylgxdo xqlwv fdq eh dqg xvxdoo| duh glvsdwfkhg vhsdudwho|/ wkh| riwhq
ehorqj wr rqh surgxfhu1
45Vlqfh q ￿ 5/ d ￿up fdq fkrrvh lwv dydlodeoh fdsdflw| wr eh ohvv wkdq wkh hqwluh ghpdqg/
zlwkrxw uhgxflqj lw wr 31
46Qrwh wkdw Sursrvlwlrq 4 gh￿qhv ￿up l*v sulfh elg s￿
l/ l 5i 4>5j/ dv d ixqfwlrq ri hdfk
frq￿jxudwlrq ri fdsdflwlhv +n4>n 5,1 Gxh wr wkh pxowlsolflw| ri htxloleuld lq wkh sulfh jdph/
L gh￿qh wzr vxfk ixqfwlrqv iru hdfk ￿up l 5i 4>5j/ ghqrwhg sO
l +n4>n 5, dqg sK
l +n4>n 5,1L w
lv srvvleoh wr gh￿qh rwkhu vxfk ixqfwlrqv1 Lqghhg/ wkh ￿upv frxog sod| htxloleulxp LVO
iru rqo| d vxevhw ri fdsdflw| frq￿jxudwlrqv/ zkhq wkhuh duh pxowlsoh htxloleuld1 Lq p|
ylhz/ frruglqdwlqj rq vxfk htxloleuld lv pruh frpsoh{ dqg wkhuhiruh/ L uxoh rxw vxfk w|sh
ri ehkdylru1
44up 5*v ehvw uhso| fruuhvsrqghqfhv eh
q
￿





























































2 E&￿c& 2c& 2

dqg ixqf0
wlrqv  dqg %￿ duh ghqhg lq htxdwlrqv +4,0+6,1
Ohppd 4 +Uhihu wr Iljxuh 6, Li upv sod| htxloleulxp U7u zkhq vxsso|
lv lqwhuphgldwh/ dqg Dvvxpswlrq 5 krogv/ wkh ehvw uhso| fruuhvsrqghqfhv ri







d_cn4 li &2  V









d_  &￿cn4 li &￿  _  V




Ohppd 5 +Uhihu wr Iljxuh 7, Li upv sod| htxloleulxp U7M zkhq vxsso|
lv lqwhuphgldwh/ dqg Dvvxpswlrq 5 krogv/ wkh ehvw uhso| fruuhvsrqghqfhv ri





A A A ?
A A A =
_  V li &2 :_ ES2*R6E_  V
d_cn4 li E  S2*R6_	& 2  _  ES2*R6E_  V ru &2  V









E  S2*R6_ li &￿  _
_  ES2*R6&￿ li &￿  _  V
c +<,
uhvshfwlyho|1
45Iljxuh 6= Ehvw Uhso| Fruuhvsrqghqfh zlwk U7u
Iljxuh 7= Ehvw Uhso| Fruuhvsrqghqfh zlwk U7M
46Surri= Dsshqgl{ F1
Wkh lqwxlwlrq iru d up*v ehvw uhso| fruuhvsrqghqfh lv jlyhq e| wkh frp0
sdulvrq ri wkh surwv uhfhlyhg e| wkh orzhvw sulfh elgghu +,K, dqg wkh kljkhvw
sulfh elgghu +K,1
Li R￿ 	R ￿c up c sJo c 5i c2j dqg  9' / lv wkh orzhvw sulfh elgghu dqg







ER￿  S￿_ li &￿  _ Ek
ER￿  S￿&￿ li &￿ 	_ Eq







f li &￿  _
ER￿  S￿4?i_  &￿c& ￿j li &￿ 	_
Zkloh vhwwlqj lwv fdsdflw|/ up l wdnhv wzr wklqjv lqwr dffrxqw1 Iluvw/
lw fkrrvhv ehwzhhq ehlqj wkh orzhvw yv1 wkh kljkhvw sulfh elgghu/ zklfk
ghshqgv rq Z,K
￿ B Z￿K
￿ 1 Vhfrqg/ jlyhq wkdw lw lv wkh orzhvw sulfh elgghu/ lw
fkrrvhv ehwzhhq vhoolqj wkh hqwluh ghpdqg dw wkh orzhvw sulfh elg ru vhoolqj d
txdqwlw| ohvv wkdq wkh ghpdqg dw d kljk sulfh/ zklfk ghshqgv rq Ek B Eq1
D fkdqjh lq fdsdflw| dhfwv wkh pdujlqdo surw dv zhoo dv wkh olnholkrrg ri
ehlqj wkh orzhvw sulfh elgghu1 Wkhuh lv dq reylrxv wudgh0r ehwzhhq wkh wzr
hohphqwv1 Frqwlqjhqw rq ehlqj wkh orzhvw sulfh elgghu/ wkh up zrxog olnh wr
vhoo wkh hqwluh ghpdqg/ exw wr eh wkh orzhvw sulfh elgghu/ lw qhhgv wr sursrvh
d orz dydlodeoh fdsdflw| wr xqghufxw wkh ulydo1
Lq wkh qh{w vhfwlrq/ lw lv vkrzq wkdw upv fkrrvh wkhlu fdsdflwlhv lq vxfk
d zd| wkdw vxsso| lv hlwkhu zhdn +zkhq upv sod| U7u, ru dv|pphwulf +zkhq
upv sod| U7M, dqg wkhuhiruh/ wkh pdunhw sulfh lv wkh pd{lpxp sulfh1
478 Htxloleuld lq wkh ixoo wzr0vwdjh jdph
Wkh dqdo|vlv ri wkh ehvw uhvsrqvh fruuhvsrqghqfhv lq vhfwlrq 7 qrz doorzv
ph wr h{dplqh wkh rswlpdo fkrlfh ri fdsdflw| e| erwk upv1 L vkrz wkdw dw
ohdvw rqh up zlwkkrogv lwv dydlodeoh fdsdflw|/ lq rughu wr rhu dq dydlodeoh
fdsdflw| orzhu wkdq ghpdqg1
Lq wkh iroorzlqj/ L fkdudfwhul}h wkh vxejdph shuihfw htxloleuld lq fdsdf0








/  5i ucMj/ lv d vxejdph

























814 Fdsdflw| zlwkkroglqj e| wkh h!flhqw up
Sursrvlwlrq 5 Li upv sod| htxloleulxp U7u zkhq vxsso| lv lqwhuphgldwh/
Dvvxpswlrq 4 krogv/ dqg V	E  S2*R6_/ wkhq wkh vwudwhj| dER6c_ VcER6cVo
lv d vxejdph shuihfw htxloleulxp1
Surri= Iurp wkh upv* ehvw uhso| fruuhvsrqghqfhv jlyhq lq htxdwlrqv +8i,






/v x f kw k d w&u
￿ ' _  V dqg &u
2 5 dVcn4d/d u h






'E _  VcV lv dq htxl0
oleulxp xqghu Dvvxpswlrq 51 Vlqfh Dvvxpswlrq 5 doorzv iru d odujhu vhw ri






'E _  VcV pxvw eh
dq htxloleulxp dovr xqghu Dvvxpswlrq 41
Wkh htxloleuld lghqwlhg lq Sursrvlwlrq 5 duh vwudljkwiruzdug wr lghqwli|
lq Iljxuh 61 Wkh| duh jlyhq e| wkh lqwhuvhfwlrq ri wkh wzr ehvw uhso| fruuh0
vsrqghqfhv/ wkdw lv/ wkh wklfn juh| olqh dqg wkh eodfn duhd zkhuh &￿ ' _  V
dqg &2  V1
Dffruglqj wr Sursrvlwlrq 4/ zlwk dq dydlodeoh fdsdflw| ehorz ghpdqg/
48wkh h!flhqw up lv fhuwdlq wr eh wkh orzhvw sulfh elgghu1 Wkhuhiruh/ lw idfhv
wkh iroorzlqj wudgh0r= vhoolqj d txdqwlw| vpdoohu wkdq ghpdqg dw wkh kljk0
hvw sulfh elg/ ru vhoolqj wkh hqwluh ghpdqg dw d orzhu sulfh1 Wkh h!flhqw
up uhvroyhv wklv wudgh0r e| voljkwo| zlwkkroglqj lwv fdsdflw|> lw vhoov d
odujh txdqwlw| +_  V, dw d kljk sulfh +R6,/ wkh rwkhu up vhoolqj wkh uhvlg0
xdo ghpdqg dw wkh vdph sulfh1 Ilqdoo|/ qrwh wkdw up 4 zrxog kdyh olwwoh
lqfhqwlyh wr zlwkkrog fdsdflw| li V lv yhu| odujh1 Wkhuhiruh/ wkh frqglwlrq
V	E  S2*R6_ lv qrw vxusulvlqj/ vlqfh lw surylghv dq xsshu erxqg rq V1
815 Fdsdflw| zlwkkroglqj e| wkh lqh!flhqw up
Wr foduli| wkh h{srvlwlrq/ zh lqwurgxfh wkh iroorzlqj ghqlwlrq1
Ghqlwlrq 4 Zkhq V	E  S2*R6_/o h w
7 &2 '4 @  i&2 5i Vc2Vcj G &2  E  S2*R
6_j
Sursrvlwlrq 6 Li upv sod| htxloleulxp U7M zkhq vxsso| lv lqwhuphgldwh/






lv d vxejdph shuihfw htxloleulxp1
Surri= Iurp wkh upv* ehvw uhso| fruuhvsrqghqfhv jlyhq lq htxdwlrqv +;,






/v x f kw k d w&M
￿ 'd _cn4 dqg &M
2 'E  S2*R6_/






'E _cE  S2*R6_
lv dq htxloleulxp xqghu Dvvxpswlrq 51 Xqghu Dvvxpswlrq 4/ krzhyhu/ up
5*v htxloleulxp fdsdflw| pxvw eh d pxowlsoh ri V1D v d u h v x o w /&M
￿ ' _ dqg
&M
2 ' 7 &2 ehfrph dq htxloleulxp1 Wr vhh wklv/ qrwh wkdw up 5 uhgxfhv lwv
surwv wr 3 li xqlodwhudoo| lqfuhdvlqj lwv fdsdflw| deryh 7 &2/v l q f hw k hp d u n h w
sulfh wkhq htxdov up 5*v pdujlqdo frvw1 Pruhryhu/ up 5 uhgxfhv lwv surwv
li lw uhgxfhv lwv fdsdflw| ehorz 7 &2/ vlqfh up 5 wkhq vhoov d orzhu txdqwlw|
49zlwkrxw dhfwlqj wkh htxloleulxp pdunhw sulfh1 Ilqdoo|/ qrwh lq Iljxuh 7 wkdw
&M
￿ ' _ frqvwlwxwhv d ehvw uhso| wr &M
2 ' 7 &2/ vlqfh Dvvxpswlrq 5 doorzv iru d
odujhu vhw ri ghyldwlrqv wkdq Dvvxpswlrq 4 dqg vlqfh 7 &2 5 dVcE  S2*R6_o1
Wkh htxloleuld lghqwlhg lq Sursrvlwlrq 6 duh vwudljkwiruzdug wr lghqwli|
lq Iljxuh 71 Wkh| duh jlyhq e| wkh lqwhuvhfwlrq ri wkh wzr ehvw uhso| fruuh0
vsrqghqfhv/ wkdw lv/ wkh wklfn eodfn krul}rqwdo olqh1
Xqolnh wkh fdvh zkhq U7u lv vhohfwhg/ wkh h!flhqw up lv qrw fhuwdlq wr
eh wkh orzhvw sulfh elgghu zkhqhyhu lwv dydlodeoh fdsdflw| lv ehorz ghpdqg
+vhh Iljxuh 4,1 Lq idfw/ e| vx!flhqwo| zlwkkroglqj lwv dydlodeoh fdsdflw|
+dqg ohdylqj d vxevhtxhqw uhvlgxdo ghpdqg,/ wkh lqh!flhqw up ehfrphv wkh
orzhvw sulfh elgghu dqg vhoov lwv hqwluh fdsdflw| dw wkh kljkhvw sulfh elg1 Lq
wklv fdvh/ wkh h!flhqw up lv wkh kljkhvw elgghu dqg vhoov wkh uhvlgxdo ghpdqg1
Pruhryhu/ up 4 vdwlvhv wkh uhvlgxdo ghpdqg rqo|/ ghvslwh wkh idfw wkdw lw lv
deoh wr xqghufxw up 5 dqg phhw wkh hqwluh ghpdqg1 Khqfh/ up 5 xvhv lwv
dydlodeoh fdsdflw| vwudwhjlfdoo|/ rewdlqlqj d pdunhw vkduh pxfk odujhu wkdq
lq htxloleulxp U7u1
Wkh lqwxlwlrq iru zlwkkroglqj fdsdflw| lv wkdw wkh pdunhw sulfh htxdov wkh
kljkhvw elg rqo| li wkh dydlodeoh fdsdflw| ri wkh orzhvw sulfh elgghu lv ehorz
ghpdqg1 Rwkhuzlvh/ wkh pdunhw sulfh htxdov wkh orzhvw sulfh elg1 Wkhuh0
iruh/ wkh orzhvw sulfh elgghu pd| zlwkkrog lwv fdsdflw| wr rewdlq wkh kljkhvw
elg dv d pdunhw sulfh1 Qrwh wkdw dq dowhuqdwlyh vwudwhj| lv wr fkrrvh dq
dydlodeoh fdsdflw| deryh ghpdqg dqg vhoo wkh hqwluh ghpdqg dw wkh orzhvw
elg1 Khqfh/ d up zlwkkrogv lwv fdsdflw| xqghu wzr frqglwlrqv1 Iluvw/ wkh
up kdv wr eh vxuh wkdw lw lv wkh orzhvw sulfh elgghu/ dqg wkxv/ wkh fdsdf0
lw| pxvw eh vpdoo hqrxjk wr pdnh wkh rwkhu up wkh kljkhvw elgghu +dqg
uhfhlyh wkh uhvlgxdo ghpdqg,1 Vhfrqg/ vhoolqj d txdqwlw| +vpdoohu wkdq gh0
pdqg, dw d kljk sulfh pxvw eh pruh surwdeoh wkdq vhoolqj ixoo ghpdqg dw d
4:orzhu sulfh> wkhuhiruh dydlodeoh fdsdflw| pxvw eh odujh hqrxjk1 Wkh delolw|
wr zlwkkrog fdsdflw| ghshqgv rq vhyhudo idfwruv/ krzhyhu1 Iluvw/ zlwkkroglqj
lv srvvleoh zkhq ghpdqg lv kljk/ vlqfh pdq| surgxfhuv wkhq uhdfk wkhlu ixoo
rxwsxw fdsdflw| dqg kdyh qr lpsdfw rq wkh pdunhw rxwfrph1 Wkh uhpdlq0
lqj surgxfhuv fdq wkhq surwdeo| uhgxfh wkhlu rxwsxw/ nqrzlqj wkdw prvw
ri wkhlu fdsdflw|0frqvwudlqhg frpshwlwruv zloo eh xqdeoh wr uhvsrqg zlwk lq0
fuhdvhg surgxfwlrq1 Vhfrqg/ d  h{leoh surgxfwlrq whfkqrorj| idflolwdwhv vxfk
ehkdylru1 Iru lqvwdqfh/ lw lv hdvlhu wr zlwkkrog fdsdflw| zlwk k|gursrzhu/ dv
rssrvhg wr qxfohdu srzhu/ vlqfh zdwhu fdq eh vwruhg dqg xvhg judgxdoo|147
9F r q f o x g l q j u h p d u n v
Wkh wzr0vwdjh prgho dqdo|}hg lq wklv sdshu looxvwudwhv wkh vwudwhjlf xvh ri
dydlodeoh fdsdflw| lq wkh hohfwulflw| vsrw pdunhw1 Pruh suhflvho|/ wkh dqdo|vlv
vkrzv wkdw zlwkkroglqj fdsdflw| fdq eh vx!flhqw wr rewdlq kljk pdunxsv1 48
Wkh vwudwhj| ri zlwkkroglqj fdsdflw| kdv wzr qhjdwlyh zhoiduh lpsolfd0
wlrqv1 Iluvw/ zkhq upv duh iuhh wr fkrrvh wkhlu fdsdflwlhv/ wkh| rewdlq d
pdunhw sulfh deryh wkh frpshwlwlyh rxwfrph/ zklfk lv frvwo| iru frqvxphuv1
Vhfrqg/ wkh h!flhqw up grhv qrw vxsso| wkh hqwluh ghpdqg/ vlqfh wkh lq0
h!flhqw rqh kdv d srvlwlyh pdunhw vkduh1 Khqfh/ erwk Sursrvlwlrqv 5 dqg 6
suhglfw surgxfwlyh lqh!flhqf|1 Qrwh wkdw lq Sursrvlwlrq 5/ krzhyhu/ wkh sur0
gxfwlyh lqh!flhqf| pd| eh vpdoo/ lq sduwlfxodu li V lv vpdoo1 Lq Sursrvlwlrq
6 /w k hs u r g x f w l y hl q h ! f l h q f |g r h vq r wg h s h q gr qw k hv l } hr iV exw rqo| rq
47Dv Exvkqhoo +4<<;, srlqwv rxw/ k|gursrzhu/ xqolnh rwkhu whfkqrorjlhv/ doorzv ￿upv
wr vkliw hohfwulflw| jhqhudwlrq ehwzhhq gl￿huhqw wlph shulrgv/ wkhuhe| pdnlqj hohfwulflw|
vwrudeoh1 Krzhyhu/ lq d g|qdplf jdph/ zlwkroglqj fdsdflwlhv kdv d frqvhtxdqfh iru ixwxuh
srvvlelolwlhv ri zlwkkroglqj fdsdflw| lq wkh fdvh ri k|gursrzhu1 Lq sduwlfxodu/ vwrudjh
pljkw reoljh wkh ￿up wr vxsso| hyhq li ghpdqg lv kljk1
48Qrwh wkdw Dxvxeho dqg Fudpwrq +4<<;, dujxh wkdw ex|huv pd| kdyh zlwkkhog wkhlu
txdqwlw| iru wkh dxfwlrqv ri vshfwuxp uljkwv lq wkh Xqlwhg Vwdwhv1
4;wkh udwlr S2*R61 Khqfh/ li wkh frvw ri up 5 lv qrw wrr odujh +S2 lv qrw wrr
forvh wr R6,/ wkh surgxfwlyh lqh!flhqf| pd| eh odujh1
Wkh vwudwhj| ri zlwkkroglqj fdsdflw| lv qrw h{solflwo| wdnhq lqwr dffrxqw
e| frpshwlwlrq dxwkrulwlhv/ dowkrxjk vrph ri wkhvh kdyh ehhq frqfhuqhg e|
wkh Fdoliruqldq ru Qruglf h{dpsohv glvfxvvhg lq wkh Lqwurgxfwlrq1 Qrwh dovr
wkdw wkh frqfhqwudwlrq lqgh{ riwhq xvhg e| frpshwlwlrq dxwkrulwlhv fdqqrw
ghwhfw wkdw w|sh ri vwudwhj|1 Lqghhg/ wkh uhvxowv lq wklv sdshu lqglfdwh wkdw li
d grplqdqw up fkrrvhv wr zlwkkrog lwv fdsdflw|/ wkh pdunhw sulfh uhpdlqv
kljk hyhq wkrxjk wkh pdunhw frqfhqwudwlrq ghfuhdvhv1 Wkh lghdo wklqj zrxog
eh Lghdoo|/ rqh zrxog olnh wr frpelqh d frqfhqwudwlrq lqgh{ vxfk dv wkh
Kluvfkpdqq0Khuqgdko Lqgh{ zlwk d pdunxs udwlr vxfk dv wkh Ohuqhu lqgh{149
Ghwhfwlqj vxfk d vwudwhj| lv qrw vx!vdqw dqg wkh pdunhw ghvljq vkrxog eh
fkdqjhg vr dv wr dyrlg vxfk d vwudwhj|1 Uhgxflqj wkh sulfh fds lv rqh rswlrq/
dowkrxjk wklv pd| kdyh qhjdwlyh hhfwv/ lq wkh vkruw dv zhoo dv lq wkh orqj
uxq1 Lq wkh vkruw uxq/ surgxfhuv pd| eh lqgxfhg wr h{sruw wkhlu surgxfwlrq1
Wklv kdsshqhg lq Fdoliruqld zkhq wkh uhjxodwru ghflghg wr uhgxfh wkh sulfh
fds rq wkh zkrohvdoh pdunhw/ iurp ':832PZk wr '5832PZk lq wkh vxpphu
ri 53331 Dv d uhvxow/ wkh surgxfhuv vwrsshg vxsso|lqj wkh Fdoliruqldq pdunhw
dqg lqvwhdg h{sruwhg hohfwulflw| wr qhljkerulqj vwdwhv1 Lq wkh orqj uxq/ kljk
sulfh fdsv pd| lqgxfh sod|huv wr lqyhvw lq qhz srzhu surgxfwlrq1 Fkdqjlqj
wkh dxfwlrq phfkdqlvp pljkw eh d ehwwhu rswlrq iru dyrlglqj d zlwkkroglqj
vwudwhj|1 Wkh wkhruhwlfdo dqg hpslulfdo olwhudwxuh dv lw vwdqgv wrgd|/ grhv
qrw surylgh fohdu0fxw uhfrpphqgdwlrqv/ krzhyhu1
49Qrwh wkdw Eruhqvwhlq hw do1 +4<<<, glvfxvvhg wklv lvvxh iru krul}rqwdo pdunhw srzhu lq
wkh hohfwulflw| pdunhw1
4<Uhihuhqfhv
Dxvxeho O1P1 dqg S1F1 Fudpwrq +4<<;,/ Ghpdqg Uhgxfwlrq dqg Lqh!0
flhqf| lq Pxowl0Xqlw Dxfwlrqv/ Zrunlqj sdshu/ Ghsduwphqw ri Hfr0
qrplfv/ Xqlyhuvlw| ri Pdu|odqg1
Eruhqvwhlq V1/ Exvkqhoo M1 dqg F1U1 Nqlwwho +4<<<,/ Pdunhw Srzhu lq Hohf0
wulflw| Pdunhwv= Eh|rqg Frqfhqwudwlrq Phdvxuhv/ Hqhuj| Mrxuqdo/ 53
+7,/ 980;;1
Eruhqvwhlq V1 dqg M1 Exvkqhoo +4<<<,/ Dq Hpslulfdo Dqdo|vlv ri wkh Sr0
whqwldo iru Pdunhw Srzhu lq Fdoliruqld*v Hohfwulflw| Lqgxvwu|/ Mrxuqdo
ri Lqgxvwuldo Hfrqrplfv/ [OYLL +6,/ 5;806561
Exvkqhoo M1 +4<<;,/ Zdwhu dqg Srzhu= K|gurhohfwulf Uhvrxufhv lq wkh
Hud ri Frpshwlwlrq lq wkh Zhvwhuq XV/ Zrunlqj sdshu/ Xqlyhuvlw|
ri Fdoliruqld Hqhuj| Lqvwlwxwh1
yrq ghu Ihku Q1 dqg G1 Kduerug +4<<6,/ Vsrw Pdunhw Frpshwlwlrq lq wkh
X NH o h f w u l f l w |L q g x v w u |  /H f r q r p l fM r x u q d o /4 3 6 /8 6 4 0 8 7 9 1
yrq ghu Ihku Q1 dqg G1 Kduerug +4<<;,/ Frpshwlwlrq lq Hohfwulflw| Vsrw
Pdunhwv= Hfrqrplf Wkhru| dqg Lqwhuqdwlrqdo H{shulhqfh/ Ghsduw0
phqw ri Hfrqrplfv/ Phprudqgxp qr 8/ Xqlyhuvlw| ri Rvor1
Jdufld0Gld} D1 dqg S1O1 Pdulq +5333,/ Vwudwhjlf Elgglqj lq Hohfwulflw|
Srrov zlwk Vkruw0Olyhg Elgv= dq Dssolfdwlrq wr wkh Vsdqlvk Pdunhw/
Glvfxvvlrq Sdshu 589:/ FHSU1
Juhhq U dqg G1P1 Qhzehu| +4<<5,/ Frpshwlwlrq lq wkh Eulwlvk Hohfwulflw|
Vsrw Pdunhw/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 433 +8,/ <5<0<861
53Nuhsv G1P1 dqg M1D 1Vfkhlqnpdq +4<;6,/ Txdqwlw| Suhfrpplwphqw dqg
Ehuwudqg Frpshwlwlrq \lhog Frxuqrw Rxwfrphv/ Ehoo Mrxuqdo Hfr0
qrplfv/ 47/ 659066:1
Qrug Srro +5333,/ Dqqxdo uhsruw1
Sdwulfn U1K1 dqg I1D1 Zrodn +5334,/ Wkh Lpsdfw ri wkh Pdunhw Uxohv dqg
Pdunhw Vwuxfwxuh rq wkh Sulfh Ghwhuplqdwlrq Surfhvv lq wkh Hqjodqg
dqg Zdohv Hohfwulflw| Pdunhw/ QEHU/ Zrunlqj Sdshu ;57;1
Vlrvkdqvl I1S1 +5333,/ Fdoliruqld*v Iodzhg Pdunhw/ Zkdw Zhqw Zurqj
dqg Krz wr Il{ lwB/ Lqwhuqdwlrqdo Dvvrfldwlrq iru Hqhuj| Hfrqrplfv/
Qhzvohwwhu/ irxuwk txduwhu1
Zroiudp F1 +4<<;,/ Vwudwhjlf Elgglqj lq d Pxowlxqlw Dxfwlrq= dq Hp0
slulfdo Dqdo|vlv ri Elgv wr Vxsso| Hohfwulflw| lq Hqjodqg dqg Zdohv/
UDQG Mrxuqdo ri Hfrqrplfv/ 5</ :360581
Zroiudp F1 +4<<<,/ Phdvxulqj Gxrsro| Srzhu lq wkh Eulwlvk Hohfwulflw|
Vsrw Pdunhw/ Dphulfdq Hfrqrplf Uhylhz/ <;/ 7/ ;380;591
54D Surri ri Sursrvlwlrq 4
Lw lv vwudljkwiruzdug wr vkrz srlqwv 4 +zhdn vxsso|, dqg 5 +vwurqj vxsso|,
lq Sursrvlwlrq 41 Wkhuhiruh/ L irfxv rq wkh wzr pruh frpsolfdwhg fdvhv1
Dv|pphwulf vxsso| dqg sulfh htxloleulxp= Wkh vxsso| lv dv|pphwulf
zkhq &￿ 	_dqg &￿  _ zkhuh c ' ic2j dqg  9' 1 Dffruglqj wr htxdwlrq
4/ wkh pdunhw sulfh htxdov R￿1I l u v w /  u p  kdv qr lqfhqwlyh wr vxeplw wkh
kljkhvw sulfh/ vlqfh lw wkhq vhoov qrwklqj dv up  vdwlvhv wkh hqwluh ghpdqg1
Li up  vxeplwv wkh orzhvw sulfh +R￿  R￿,/ lw vxssolhv lwv fdsdflw| dw sulfh
R￿14: Wkhuhiruh/ up  dozd|v vxeplwv S21V h f r q g /  u p  sod|v glhuhqwo|
z k h w k h ul wl v u p4r u u p5 1L i&2  _ +vr wkdw R￿ ' S2,/ wkhq up 5 rewdlqv
w k hv d p hu h v l g x d og h p d q g+ _  &￿, iru dq| sulfh kljkhu wkdq ru htxdo wr
S2c dffruglqj wr htxdwlrq +6,1 Wkhuhiruh/ up 5 fkrrvhv R61 Lq frqwudvw/ li
&￿  _ +vr wkdw R2 ' S2,/ wkhq up 4 idfhv wkh iroorzlqj wudgh0r uhsuhvhqwhg
lq htxdwlrq +5,1 Rq wkh rqh kdqg/ e| vxeplwwlqj wkh orz sulfh R￿ ' S2/w k h
pdunhw sulfh htxdov S2 dqg up 4*v surw lv S2_1I l u p 4 v h u y h v w k h h q w l u h
ghpdqg dw d orz sulfh S21 Rq wkh rwkhu kdqg/ e| vxeplwwlqj d kljk sulfh
R￿ ' R6/w k hp d u n h ws u l f hh t x d o vR6 dqg up 4*v surw lv R6 E_  &21I l u p
4 vhoov wkh uhvlgxdo ghpdqg E_  &2 dw d kljk sulfh R61 Wkhuhiruh/ up 4
fkrrvhv R6 rqo| li &2  E  S2*R6&￿1
Lqwhuphgldwh vxsso| dqg sulfh htxloleulxp= Wkh vxsso| lv lqwhuphgldwh
zkhq 4@ i&￿c& 2j 	_dqg &￿ n &2 :_ 1D f f r u g l q jw rh t x d w l r q+ 4 , /w k h
pdunhw sulfh lq wklv fdvh lv  Er'4 @   iR￿cR ￿j/z k h u hc ' ic2j dqg
 9' 1L i  u p  vxeplwv wkh orzhvw sulfh +R￿ ' S2 	R ￿,/ lw vxssolhv lwv
fdsdflw| dw sulfh R￿ Jlyhq up *v rswlpdo vwudwhj|/ up  jhwv wkh uhvlgxdo
ghpdqg1 E| vxeplwwlqj d sulfh ehorz wkh pd{lpxp sulfh +R￿ 	R 6,/ up
4:Gxh wr wkh h!flhqw udwlrqlqj uxoh/ krzhyhu/ ￿up 5 vhoov qrwklqj/ hyhq wkrxjk s5 @ f5
li n4 Agdqg s4 @ f51 Qhyhuwkhohvv/ qrwh wkdw s5 @ f5 lv d ehvw uhso| wr s4 @ f5 dovr lq
wklv fdvh1
55 pdnhv ohvv surw wkdq e| vxeplwwlqj R￿ ' R6/v l q f hER￿  S￿E_  &￿ 	
ER6  S￿E_  &￿ dffruglqj wr htxdwlrq +7,1 Wkhuhiruh/ up  vxeplwv R61
Qrwh/ krzhyhu/ wkdw R￿ ' R6 lv wkh ehvw uhvsrqvh wr R2 ' S2 li dqg rqo| li
S2&￿  R6 E_  &2c zklfk lv htxlydohqw wr &2  _  ES2*R6&￿1
E Surri ri Ohppd 4
Wkh surri surfhhgv lq irxu vwhsv1 Iluvw/ lw ghqhv wkh upv* htxloleulxp sulfh
elgv dv d ixqfwlrq ri E&￿c& 21 Vhfrqg/ lw ghulyhv wkh htxloleulxp pdunhw sulfh
dv d ixqfwlrq ri E&￿c& 21 Wkh wklug dqg irxuwk vwhs ghulyh up 4*v dqg up
5*v ehvw uhso| fruuhvsrqghqfh/ uhvshfwlyho|1
Vwhs 4= Vlqfh wkh upv sod| htxloleulxp U7u/ Sursrvlwlrq 4 ghqhv up
*v htxloleulxp sulfh elg/  5i c2j/ dv d ixqfwlrq ri E&￿c& 21 Wklv ixqfwlrq/
ghqrwhg Ru
￿ E&￿c& 2/l vh t x d ow rRW
￿ E&￿c& 2 lq Sursrvlwlrq 4 zkhqhyhu RW
￿ E&￿c& 2
lv d vlqjohwrq1 Rwkhuzlvh/ Ru
￿ E&￿c& 2'S2 dqg Ru
2 E&￿c& 2'R61























2 ' R6 li &￿  _  V1 E| htxdwlrq +4,/ wkh htxloleulxp

















S2 li &￿  _ dqg &2 : E  S2*R6_
R6 rwkhuzlvh1
+43,
Vwhs 6= Qrwh wkdw wkh iroorzlqj wkuhh +lq,htxdolwlhv duh wuxh1 Iluvw/ Ru
￿ ' S2 	
Ru
2 ' R6 li &￿  _V1V h f r q g /Ru
￿ ' S2 ' R6 li &￿  _ dqg &2 : E  S2*R6_1
Wklug/ Ru
￿ ' S2 	R u
2 ' R6 li &￿  _  V ru &￿  _ dqg &2  E  S2*R6_1















A A A ?
A A A =
&￿ li &￿  _  V
_ li &￿  _ dqg &2 : E  S2*R6_
_  &2 li &￿  _ dqg &2  E  S2*R6_
+44,
E| htxdwlrq +7,/ up 4*v surwv duh jlyhq e| % ￿/v l q f hS￿ 'f 1E |h t x d w l r q v















A A A ?
A A A =
R6&￿ li &￿  _  V
S2_ li &￿  _ dqg &2 : E  S2*R6_
R6 E_  &2 li &￿  _ dqg &2  E  S2*R6_
+45,
Xvh wklv h{suhvvlrq iru Z￿ lq +8d, dqg vroyh wkh pd{lpl}dwlrq sureohp1 Lw lv
hdvlo| yhulhg wkdw wkh vroxwlrq |lhogv wkh h{suhvvlrq iru q
u
￿ E&2 lq htxdwlrq
+8i,/ surylghg wkdw V	E  S2*R6_1
Vwhs 7= Uhfdoo wkdw wkh iroorzlqj wkuhh +lq,htxdolwlhv duh wuxh1 Iluvw/ Ru
￿ '
S2 	R u
2 ' R6 li &￿  _  V1V h f r q g / Ru
￿ ' S2 ' R6 li &￿  _ dqg &2 :
E  S2*R6_1W k l u g / Ru
￿ ' S2 	R u
2 ' R6 li &￿  _  V ru &￿  _ dqg















A A A A A A ?
A A A A A A =
&2 li &2 	_ &￿ dqg &￿  _  V
_  &￿ li &2  _  &￿ dqg &￿  _  V
f li &2 : E  S2*R6_ dqg &￿  _
&2 li &2  E  S2*R6_ dqg &￿  _
+46,
E| htxdwlrq +7,/ up 5*v surwv duh jlyhq e| E  S2%21E |h t x d w l r q v+ 4 3 ,















A A A A A A ?
A A A A A A =
ER6  S2&2 li &2 	_ &￿ dqg &￿  _  V
ER6  S2E_  &￿ li &2  _  &￿ dqg &￿  _  V
f li &2 : E  S2*R6_ dqg &￿  _
ER6  S2&2 li &2  E  S2*R6_ dqg &￿  _
+47,
Xvh wklv h{suhvvlrq iru Z2 lq +8e, dqg vroyh wkh pd{lpl}dwlrq sureohp1 Lw lv
hdvlo| yhulhg wkdw wkh vroxwlrq |lhogv wkh h{suhvvlrq iru q
u
2 E&2 lq htxdwlrq
+8j,1
F Surri ri ohppd 5
Wkh surri iroorzv wkh vdph orjlf dv wkh surri lq Dsshqgl{ F1 Wkhuhiruh/ L
rqo| uhsruw wkh vljqlfdqw glhuhqfhv ehwzhhq wkh wzr surriv1
Vwhs 4= Vlqfh wkh upv sod| htxloleulxp U7M/ Sursrvlwlrq 4 ghqhv up *v
htxloleulxp sulfh elg/  5i c2j/ dv d ixqfwlrq ri E&￿c& 21 Wklv ixqfwlrq/ gh0
qrwhg RM
￿ E&￿c& 2/l vh t x d ow rRW
￿ E&￿c& 2 lq Sursrvlwlrq 4/ zkhqhyhu RW
￿ E&￿c& 2
lv d vlqjohwrq1 Rwkhuzlvh/ RM
￿ E&￿c& 2'R6 dqg RM
2 E&￿c& 2'S21
Vwhs 5= Xvlqj htxdwlrq +4, dqg wkh ixqfwlrqdo irupv ri RM
￿ E&￿c& 2 dqg
RM

















S2 li &￿  _ dqg &2 : E  S2*R6_
R6 rwkhuzlvh1
+48,
Vwhs 6= Xvlqj htxdwlrq +5, dqg wkh ixqfwlrqdo irupv ri RM
￿ E&￿c& 2 dqg
58RM















A A A A A A A A A ?
A A A A A A A A A =
&￿ li &￿  _  V dqg &2  _  &￿
_  &2 li &￿  _  V dqg _  &￿ 	& 2  _  ES2*R6&￿
&￿ li &￿  _  V dqg &2 :_ ES2*R6&￿
_ li &￿  _ dqg &2 : E  S2*R6_
_  &2 li &￿  _ dqg &2  E  S2*R6_
+49,
E| htxdwlrq +7,/ up 4*v surwv duh jlyhq e| % ￿/v l q f hS￿ 'f 1E |h t x d w l r q v















A A A A A A A A A ?
A A A A A A A A A =
R6&￿ li &￿  _  V dqg &2  _  &￿
R6 E_  &2 li &￿  _  V dqg _  &￿ 	& 2  _  ES2*R6&￿
R6&￿ li &￿  _  V dqg &2 :_ ES2*R6&￿
S2_ li &￿  _ dqg &2 : E  S2*R6_
R6 E_  &2 li &￿  _ dqg &2  E  S2*R6_
+4:,
Xvh wklv h{suhvvlrq iru Z￿ lq +8d, dqg vroyh wkh pd{lpl}dwlrq sureohp1 Lw lv
hdvlo| yhulhg wkdw wkh vroxwlrq |lhogv wkh h{suhvvlrq iru q
M
￿ E&2 lq htxdwlrq
+;,/ jlyhq wkdw V	E  S2*R6_1
Vwhs 7= Xvlqj htxdwlrq +6,/ dqg wkh ixqfwlrqdo irupv ri RM
￿ E&￿c& 2 dqg
RM















A A A A A A ?
A A A A A A =
&2 li &2  _  ES2*R6&￿ dqg &￿  _  V
_  &￿ li &2 :_ ES2*R6&￿ dqg &￿  _  V
f li &2 : E  S2*R6_ dqg &￿  _
&2 li &2  E  S2*R6_ dqg &￿  _
+4;,
E| htxdwlrq +7,/ up 5*v surwv duh jlyhq e| E  S2%21E |h t x d w l r q v+ 4 8 ,















A A A A A A ?
A A A A A A =
ER6  S2&2 li &2  _  ES2*R6&￿ dqg &￿  _  V
ER6  S2_  &￿ li &2 :_ ES2*R6&￿ dqg &￿  _  V
f li &2 : E  S2*R6_ dqg &￿  _
ER6  S2&2 li &2  E  S2*R6_ dqg &￿  _
+4<,
Xvh wklv h{suhvvlrq iru Z2 lq +8e, dqg vroyh wkh pd{lpl}dwlrq sureohp1 Lw lv
hdvlo| yhulhg wkdw wkh vroxwlrq |lhogv wkh h{suhvvlrq iru q
M
2 E&2 lq htxdwlrq
+<,1
5: